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From Structural Design to Dynamics Modeling:
Control-Oriented Development of a 3-RRR Parallel Ankle

Rehabilitation Robot

Siyuan Zhang1,*, Yufei Zhang1,*, Junlin Lyu1,*, Sunil K. Agrawal1,2

Abstract— This paper presents the development of a wearable
ankle rehabilitation robot based on a 3-RRR spherical parallel
mechanism (SPM) to support multi-DOF recovery through
pitch, roll, and yaw motions. The system features a compact,
ergonomic structure designed for comfort, safety, and compati-
bility with ankle biomechanics. A complete design-to-dynamics
pipeline has been implemented, including structural design,
kinematic modeling for motion planning, and Lagrangian-based
dynamic modeling for torque estimation and simulation anal-
ysis. Preliminary simulations verify stable joint coordination
and smooth motion tracking under representative rehabilitation
trajectories.

The control framework is currently being developed to
enhance responsiveness across the workspace. Future work
will focus on integrating personalized modeling and adaptive
strategies to address kinematic singularities through model-
based control.

This work establishes a foundational platform for intelligent,
personalized ankle rehabilitation, enabling both static training
and potential extension to gait-phase-timed assistance.

I. INTRODUCTION

Ankle injuries are common among athletes, postopera-
tive patients, and individuals with neurological impairments.
Effective rehabilitation is critical for restoring mobility,
strength, and proprioception. However, conventional reha-
bilitation devices often provide limited degrees of free-
dom (DOFs) [9], restricting natural joint movement and
potentially prolonging recovery. Although robotic platforms
with multi-DOF capabilities have been proposed, their bulky
design and mechanical complexity frequently hinder clinical
deployment and user compliance.

The human ankle can be biomechanically approximated
as a spherical joint with three rotational DOFs: pitch (plan-
tarflexion/dorsiflexion), roll (inversion/eversion), and yaw
(internal/external rotation). To replicate this natural move-
ment, we propose a 3-RRR spherical parallel manipulator
(SPM) as the core of a wearable ankle rehabilitation robot.
SPMs are known for their high stiffness, compact structure,
and precise motion control, making them suitable for joint
therapy applications. While the 3-RRR configuration has
been extensively studied in robotics [1], finger rehabilitation
[3], and hip therapy [5], its integration into wearable ankle
rehabilitation remains largely unexplored.
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This work establishes a complete design-to-control frame-
work: from mechanical design and kinematic analysis to
Lagrangian-based dynamic modeling and simulation-driven
control development. The system is currently being validated
through dynamic simulation, with control strategies under
development to ensure smooth and stable actuation across
the ankle’s workspace.

The remainder of this letter is organized as follows: Sec-
tion II describes the mechanical design; Section III focuses
on kinematic analysis for motion planning, and Section IV
introduces the dynamic formulation for control integration;
Section V discusses control simulation and validation; and
Section VI concludes conclusion with future directions.

II. MECHANISM DESIGN

A. Overview of the 3-RRR SPM

A 3-RRR spherical parallel mechanism (SPM) consists of
three identical limbs, each with two revolute (R) joints con-
necting a fixed base to a moving platform. This configuration
enables compact, symmetric structures capable of generating
three rotational degrees of freedom (DOFs) about a common
center of rotation. While the 3-RRR architecture has been
widely studied in robotics [2], its application to wearable
ankle rehabilitation remains limited.

Fig. 1: Schematic geometry model of the 3-RRR mechanism.

As illustrated in Fig. 1, the proposed design features a
ring-shaped base and a footplate platform. By adjusting limb
lengths and angular placements, the mechanism replicates
pitch, roll, and yaw movements corresponding to dorsiflex-
ion, inversion, and rotation of the ankle. The mechanism’s
mobility is computed as 3, with 8 links and 9 revolute joints.
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The wearable form factor introduces engineering con-
straints, but enables portable, multi-DOF rehabilitation. This
makes the system suitable for both clinical use and athlete
recovery scenarios where space efficiency and functional
range are critical.

B. Design Considerations

This device is designed for direct lower limb attachment,
promoting daily use and better patient compliance. A wear-
able form factor requires both mechanical and ergonomic
considerations:

1) Compact Base Ring: Custom-fitted with adjustable
straps for a secure, comfortable attachment.

2) Non-Interference Mechanisms: Low-profile limbs and
joint housings minimize obstruction to nearby joints and
ensure compatibility with footwear and braces.

3) Device Modularity: Interchangeable links and quick-
release fasteners support adjustment across users and reha-
bilitation stages.

(a) Rendered Model (b) Line Drawing

Fig. 2: SolidWorks CAD model

C. Detail Design

To validate the design, a SolidWorks CAD model was
created, highlighting the base ring, limbs, and footplate. The
structure was optimized for workspace, compactness, and
portability, balancing weight and strength to support user
comfort and effective rehabilitation.

(a) Pitch (b) Roll (c) Yaw

Fig. 3: 3D printed and view for the rehabilitation device.

A 3D-printed prototype was fabricated for physical val-
idation. Fig. 3 shows the assembled device, demonstrating
structural fit and wearable integration.

III. KINEMATIC ANALYSIS

This section establishes the mapping between the plat-
form pose and individual joint motions. We first define all
symbols, then compare coordinate representations, derive
frame transformations, and finally present inverse, forward,
and velocity kinematics. These results underpin the dynamic
modeling in Section IV.

A. Geometry and Notation

Table I lists the key points and vectors for leg i.

TABLE I: Points and vectors on leg i.

Symbol Definition

Ai Actuated base joint
Bi Passive spherical joint
Ci Platform connection point
P Platform center
ri = Bi − P Vector P → Bi

Li =
Ci−Bi

∥Ci−Bi∥
Unit link direction Bi → Ci

B. Frame Transformations

A point Ci0 in the platform frame is mapped to the base
frame by

Ci = R(α, β, γ)Ci0, R(α, β, γ) = Rz(α)Ry(β)Rx(γ).

C. Inverse Kinematics

Given a desired pose (RP , ψP , ϕP ), each leg must satisfy

∥Bi −Ai∥ = l1, ∥Ci −Bi∥ = l2.

Let

d = ∥Ci −Ai∥, λ =
l21−l22+d2

2d2 , µ =
√
l21 − λ2d2.

Then

Bi = Ai + λ(Ci −Ai)± µ
(Ci −Ai)×N

∥(Ci −Ai)×N∥
,

and the active angle

θi = cos−1
( (Bi−Ai)·ui

∥Bi−Ai∥
)
,

with N a normal vector and ui the joint-axis direction.

D. Forward Kinematics

For known θi, the joint and platform positions follow

Bi = Ai+Ri(θi) [l1, 0, 0]
T , Ci = Bi+R(α, β, γ) [l2, 0, 0]

T .

Extracting (α, β, γ) from the resulting Ci completes the
pose.



E. Velocity Kinematics
Under pure rotation (Ṗ = 0),

vBi
= ω × ri, q̇i = LT

i (ω × ri).

Stacking for i = 1, 2, 3 yields

q̇ = Jr ω, Jr =

(r1 × L1)
T

(r2 × L2)
T

(r3 × L3)
T

 .
The Jacobian Jr relates joint rates to platform angular
velocity; its conditioning will be critical in the dynamic
control design.

IV. DYNAMICS MODELING

A. Generalized Coordinates Definition
Let the generalized coordinates be

q =

θ1θ2
θ3

 ,
where θi are the actuated revolute angles of the 3-RRR
spherical parallel mechanism.

B. Energy Expressions

a) Kinetic Energy T :

T = 1
2 ω

T IP ω + 1
2

3∑
i=1

Iℓ,i θ̇
2
i , (1)

where
• IP is the inertia tensor of the moving platform.
• Iℓ,i is the moment of inertia of link i about its active

joint.
b) Potential Energy V :

V = 0, (2)

In this system, gravitational potential energy does not
contribute to the rigid limbs, so the gravity term may
be omitted:

G(q) = 0. (3)

C. Lagrangian and Equations of Motion
Define the Lagrangian

L = T − V = T.

Applying Lagrange’s equations,
d

dt

(∂L
∂q̇

)
− ∂L

∂q
= τ . (4)

Collecting terms yields the rigid-body equations

M(q) q̈+ C(q, q̇) q̇ = τ , (5)

where

M(q) = J+TWT IP W J+ + diag(Iℓ,1, Iℓ,2, Iℓ,3), (6)

Cjk = 1
2

3∑
i=1

(∂Mjk

∂θi
+
∂Mji

∂θk
− ∂Mik

∂θj

)
θ̇i. (7)

These dynamics will be used in Section V to design a
model-based controller that compensates for inertial coupling
and achieves precise, stable tracking across the workspace.

V. CONTROL DESIGN AND SIMULATION VALIDATION

To regulate the 3-RRR SPM about its three rotational
degrees of freedom (roll, pitch, yaw), we employ inde-
pendent PID loops on each axis. In order to investigate
how compliance—here, the effective “softness” introduced
by lower feedback gains—affects the closed-loop dynamics,
we compare two tuning sets: an underdamped response
(low damping ratio) and a critically damped (unit-damped)
response.

A. PID Controller Structure

Each axis is controlled by

τi(t) = Kp,i ei(t) +Kd,i ėi(t)

+Ki,i

∫ t

0

ei(σ) dσ, (8)

ei = qi,ref − qi,

where i ∈ {roll,pitch, yaw}. The same structure is used
on all three axes, but gains are tuned to achieve the desired
damping ratio.

B. Gain Tuning and Compliance Effect

To demonstrate the compliance effect, we selected:
• Underdamped case: Kp = 20, Kd = 0.5, Ki = 1.

The low derivative gain yields a damping ratio ζ < 1,
producing oscillatory settling.

• Critically damped case: Kp = 50, Kd = 2, Ki = 5.
These higher gains raise ζ ≈ 1, eliminating overshoot
and oscillation.

Lower gains simulate a “softer” compliant behavior, where
the platform freely oscillates before converging; higher gains
stiffen the response.

Fig. 4: Platform orientation (roll, pitch, yaw) under under-
damped PID gains. Compliance is high, yielding oscillatory
settling.



C. Simulation Results

Figures 4 and 5 show the end-effector orientation track-
ing under the two tuning sets for a step reference of
[15◦, 10◦, 5◦]T . The underdamped controller (Fig. 4)
exhibits sustained oscillations around the target due to low
damping, whereas the critically damped controller (Fig. 5)
converges monotonically without overshoot.

Fig. 5: Platform orientation under critically damped PID
gains. Compliance is low, yielding fast, non-oscillatory con-
vergence.

D. Discussion

These results show that, although the 3-RRR SPM is rigid,
tuning feedback gains modulates its effective compliance:
low-stiffness settings allow larger deflections and oscilla-
tions for soft assistance, while high-stiffness ensures precise,
rapid tracking. Future work will add real-time singularity
monitoring—computing the Jacobian’s condition number to
adjust gains or trigger avoidance maneuvers near singular
poses—ensuring stable, safe operation across the workspace.

VI. CONCLUSION AND FUTURE WORK

In summary, we introduced a compact, wearable 3-RRR
ankle rehabilitation robot and a complete design-to-dynamics
workflow—from portable mechanical design to kinematic
and dynamic modeling and simulation-based control. Sim-
ulations and 3D-printed prototype tests validated key an-
kle motions and demonstrated robust, compliance-modulated
performance across the workspace.

Building on these results, we are going to develop
a self-adaptive framework that fuses in-shoe IMU and
plantar-pressure sensing with real-to-sim model personaliza-
tion. A fuzzy-logic impedance controller will operate around
dynamically estimated joint axes and switch modes based
on gait phase, enabling smooth transitions from static ROM
training to gait-timed assistance.

Earlier analyses assumed a single, concentric center of
rotation; future design iterations will replace this with a
dual-axis, non-concentric ankle model to better match hu-
man biomechanics and improve ergonomic comfort. Planned
human-subject studies will validate alignment, comfort and
therapeutic efficacy.

Beyond clinical rehabilitation, this platform can be recon-
figured as an assistive walking or running device for indi-
viduals with neuromuscular impairments, providing real-time
balance correction and dynamic support to enhance mobility
and quality of life!
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